Abstract. We consider Riemann surfaces obtained from nodal curves with infinite cylinders in the place of nodal and marked points, and study the space of finite energy vortices defined on these surfaces. To compactify the space of vortices, we need to consider stable vortices -these incorporate breaking of cylinders and sphere bubbling in the fibers. The space of stable vortices modulo gauge transformations is compact and Hausdorff under the Gromov topology. Moreover, it is homeomorphic to the moduli space of quasimaps defined by Ciocan-Fontanine, Kim and Maulik in [CKM11].
The moduli space of stable quasimaps is described by Ciocan-Fontanine, Kim and Maulik in [CKM11] . This is a different way of compactifying maps from genus g n-pointed curves C to a GIT quotient X/ /G, compared to the stable map compactification M g,n (X/ /G). Here X/ /G is a GIT quotient obtained by the linearized action of a complex reductive group G on an affine variety X, we assume X/ /G is non-singular. The curve C is allowed to vary and degenerate to a nodal curve, and in addition the map C → X/G is allowed to acquire isolated base points (i.e. map to X\X ss ). For separatedness of the moduli space, it is required that base points don't coincide with marked points or nodal points of C. This paper provides a symplectic version of stable quasimaps.
Suppose K ⊂ G is a maximal compact subgroup. In symplectic geometry, the maps C → X/G are analogous to K-vortices from C to X. When X is as above, the action of K on X is Hamiltonian and has a moment map Φ : X → k ∨ ≃ k. A vortex (A, u) consists of a connection A on a principal K-bundle P → C and a holomorphic section u : C → P × K X with respect to ∂ A that satisfies the equation
This equation requires a choice of area form on C. To make sure that base points are away from special points on C, we 'blow up' the area form at the special points. Punctured neighborhoods of these points will be isometric to cylinders. This ensures that the limit of u, as we approach the special points, lies in Φ −1 (0) and hence is semistable. We define a smooth family of metrics, called the neck-stretching metrics on stable nodal genus g, n-pointed curves such that the metric blows up at special points in the above-mentioned way, so any such curve now corresponds to a Riemann surface with cylindrical ends. The space of vortices representing a given equivariant class in H K 2 (X) defined on stable nodal curves with neck-stretching metric is not compact. To compactify it, we allow breaking of cylinders (as in Floer theory) and sphere bubbles in fibers as in the work of Ott ([Ott09] ), and the new objects are called stable vortices. The space of stable vortices modulo K-gauge transformations is compact and Hausdorff under the Gromov topology.
Suppose M g,n is the coarse moduli space of stable nodal curves of genus g with n marked points. We assume n ≥ 1, and for stability n + 2g − 3 ≥ 0. If a vortex (A, u) has finite energy, a removal of singularity result applies at the cylindrical ends. This ensures that u represents a class in H K 2 (X). Let M V K g,n (X, β) be the space vortices (A, u) on stable genus g, n-pointed curves equipped with the neck-stretching metric, such that [u] = β ∈ H K 2 (X) modulo the group of (unitary) gauge transformations. Removal of singularity at the cylindrical ends ensures that the evaluation maps
Ku(z i ) are well-defined for marked points z 1 , . . . , z n . By the definition of M V K g,n (X), there is a forgetful map st : M V K g,n (X) → M g,n . In the compactification of M V K g,n (X), the domain may not be stable, st is defined as the stabilization of the domain, achieved by contracting unstable components. Our first result is Theorem 0.1. Suppose (X, ω, K, Φ) is a Kähler Hamiltonian K-manifold that is either compact or equivariantly convex at ∞. The compactification of M V K g,n (X, β), called M V K g,n (X, β) is a compact Hausdorff space under the Gromov topology. The forgetful map st and the evaluation maps ev i are well-defined and continuous on M V K g,n (X, β).
Compactification of the space of symplectic vortices has been studied by many authors - [MiRT09] , [Zil12] and [Ott09] . Ziltener ([Zil12] ) looks at compactifying vortices on the complex plane C. Besides sphere bubbling in the fibers, there is bubbling at infinity that produces sphere bubbles in X/ /G and vortices on C attached to these bubbles. The situation for vortices on cylindrical ends is simpler in comparision. Mundet-Tian ( [MiRT09] ) have constructed a compactification for vortices with varying domain curve, equipped with a finite volume metric. In that case, when the domain curve degenerates to a nodal curve, the map u can degenerate to a chain of gradient flow lines of the moment map Φ (K = S 1 , so iΦ maps to R). Allowing infinite volume at nodal points helps us avoid these structures.
Let Qmap g,n (X/ /G, β) be the space of stable quasimaps whose domains are stable n-pointed curves of genus g and which represent the homology class β ∈ H G 2 (X). In [CKM11] , X is required to be an affine variety for the proof of compactness of Qmap g,n (X/ /G, β). For any polarization L → X, X can be realized as a Kähler Hamiltonian K-manifold that is equivariantly convex at infinity.
Theorem 0.2. Let g, n, K, G, X and β ∈ H K 2 (X). There is a homeomorphism Ψ : Qmap g,n (X/ /G, β) → M V K g,n (X, β) that commutes with the evaluation maps ev i and the forgetful map to M g,n (X).
The proof of this theorem doesn't require that X be affine. It only requires that Qmap g,n (X/ /G, β) is compact. Therefore, we expect Qmap g,n (X/ /G, β) to be compact in more general situations, provided X is aspherical. This is to rule out sphere bubbling in the fibers. In order to remove the asphericity assumption, the definition of quasimaps will have to be broadened to include such bubbles.
In the proof of theorem 0.2, the bijection Ψ is constructed using techniques in [VW13] . This is essentially a Hitchin-Kobayashi correspondence. The notion of stability required by this correspondence -of the point at infinity (marked points and nodal points in the case of Qmap) mapping to X ss -is part of the definition of quasimaps. The proof of continuity of Ψ relies on the convexity of the moment mapbut there are analytical difficulties arising because of the non-compact domains. To overcome these, we crucially rely on a stronger version of removal of singularity at infinity for vortices. The original such result proved by Ziltener in his thesis ( [Zil06] ) for the affine case gives only L p control on the decay of the connection. But in the cylindrical case, we are able to show a similar result (proposition 2.8) giving W 1,p control.
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1. Description of neck stretching metrics 1.1. Stable curves, gluing. A compact complex nodal curve C is obtained from a collection of smooth compact curves (C 1 , . . . , C k ) by identifying a collection of distinct nodal points w + i ∼ w − i , w ± i ∈ C α ± (i) , i = 1, . . . , m. Points on the curves C i that are not nodal points are called smooth points. A nodal curve with marked points comes with a collection of n distinct smooth points {z 1 , . . . , z n }. A marked nodal curve is stable if it has finite automorphism group, i.e. every genus 0 component has at least 3 special points (marked or nodal point) and a genus 1 component has at least 1 special point. The genus of a nodal curve is the genus of a "smoothing" of the curve. For example, the genus of the curve in the figure is 1.
A family of nodal curves over a scheme S is a proper flat morphism π : C → S such that each fiber C s , s ∈ S is a nodal curve. One can ask if there is a space M and a family U → M such that for any family C → S, there is a unique map φ : S → M such that C is isomorphic to the pullback φ * U . For nodal curves (of genus g and n marked points), such a family doesn't exist. This is because there are curves with a non-trivial automorphism group. For, if such a family existed, the fiber over [C] ∈ M would be C/ Aut(C). For stable curves, the automorphism group is finite. In that case, there is a coarse moduli space M g,n -this means for any C → S, there is a unique map φ S : S → M g,n . There is a universal curve U g,n := M g,n+1 that maps to M g,n by forgetting the last point and contracting unstable components. For any curve C, the fiber over any [C] ∈ M g,n is isomorphic to C/ Aut(C). Given a family C → S, there is a finite group Γ that acts on S and φ factors through the quotient.
The action of Γ lifts to C and C/Γ is isomorphic to the pullback φ * S/Γ U g,n . M g,n has the structure of a complex orbifold, i.e. locally it is homeomorphic to a neighborhood of the quotient of C n by a finite group.
The combinatorial type of a marked nodal curve (C, z) is a modular graph Γ = (Vert(Γ), Edge(Γ), Edge ∞ (Γ)) and a genus function g : Vert(Γ) → Z ≥0 . The vertices are the components of C, the edges in Edge(Γ) are nodes in C and the infinite edges Edge ∞ (Γ) correspond to markings. An edge w ∈ Edge(Γ) has two end points w ± , so it is incident on two vertices ι(w ± ). It is possible that these two vertices are the same -see for example figure 1. For the markings, there is an ordering of the set Edge ∞ (Γ) by a bijection {1, . . . , n} → Edge(Γ) and each edge z ∈ Edge ∞ (Γ) is incident on only one vertex ι(z).
A modular graph is stable if any curve corresponding to it is stable. Also, for a graph Γ, there is a stabilization st(Γ) which is the combinatorial type of the stabilization of the curve C Γ . A morphism f : Γ 1 → Γ 2 of modular graphs corresponds to a sequence of moves -each either contracts an edge or removes an edge that is a loop. In terms of the related nodal curves, each move smooths out a nodal singularity. Based on the combinatorial type Γ(C, z), we can define a stratification of
The lowest stratum consists of points representing smooth curves, and it is an open set in M g,n . Denote by M Γ g,n ⊂ M g,n the subspace parametrizing curves of combinatorial type Γ. Then,
Let C be a nodal curve of combinatorial type Γ. We next describe how neighborhoods of [C] in M Γ g,n and M g,n are related to each other -this is done through deformation theory. Suppose C is a compact curve. Then a deformation of C by a pointed scheme (S, 0), 0 ∈ S, is a proper flat morphism φ : C S → S plus an isomorphism between C and the central fiber φ −1 (0). A deformation C S of C is universal if given any other deformation C S ′ → (S ′ , 0), for any sufficiently small neighborhood U of 0, there is a unique morphism ι : U → S such that C U is isomorphic to the fibered product C S × S U . Stable curves possess universal deformations. Suppose π : C S → (S, 0) is a universal deformation of the curve C. If C has a non-trivial stabilizer G, then for a sufficiently small neighborhood V of 0, the action of G extends to compatible actions on V and C V (theorem 6.5, chapter 11, [ACG11] ). If V is small enough and G-invariant, then there is an injection V /G ֒→ M g,n , and thus deformations of curves provide holomorphic orbifold charts for M g,n . The space of infinitesimal universal deformations of C, denoted by Def(C) is the tangent space T 0 S. If C is of combinatorial type Γ, Def Γ (C) is the tangent space T 0 S Γ . For a nodal curve of type Γ, given a universal deformation S Γ of type Γ, we can construct a universal deformation S using a gluing procedure. By Proposition 3.32 in [HM98] ,
Lemma 1.1. Let Σ be as above and let g be a metric on Σ that is flat in the neighborhoods of nodal points w ± , w ∈ Edge(Σ). To every small δ ∈ ⊕ w∈Edge(Σ)
Define the glued surface
where z w ∈ T w + Σ α(w + ) and the exponential map is with respect to the metric g. If δ w = 0, then the node w stays in place in Σ δ .
This gluing process can be done in families also. Suppose, we have a family of metrics on curves parametrized by S Γ that are flat in the neighborhood of nodes. Let I Γ → S Γ be a vector bundle whose fiber over s ∈ S Γ is
In a neighborhood of the zero section of I Γ , we can associate a glued curve to every point. Theorem 3.17, chapter 11 in [ACG11] says that this is a universal deformation of Σ.
1.2. Riemann surfaces with cylindrical ends. Definition 1.2. Σ is a Riemann surface with cylindrical ends if C := Σ is a nodal curve with marked points z 1 , . . . , z n , nodal points w 1 , . . . , w k and Σ = C\{z 1 , . . . , z n , w 1 , . . . , w k } with the following property: for any z = z i , w ± i there is a neighborhood of z in the normalization of C, N (z) ⊂C and an isometry
The metric on the right hand side dr 2 + dθ 2 . We further require that the volume of Σ\(∪ z=z i ,w ± N (z)) is finite and any f ∈ Aut(C) preserves the metric on Σ.
Given g, n such that n + 2g − 3 ≥ 0, the goal of this section is to show that to any stable n-pointed curve of genus g, we can associate a Riemann surface with cylindrical ends, and that the metric varies smoothly as we vary C. In other words, if C → S is a family of such curves, we need to put a metric on the fibers of C\(z i (S) ∪ w i (S)) → S that varies smoothly with s ∈ S. We call such a family of metrics neck-stretching metrics, because they stretch the 'neck region' in the glued surfaces described in lemma 1.1. That, such a family exists, is the content of the next proposition. Proposition 1.3. There exists a family of neck-stretching metrics on stable curves parametrized by M g,n .
Proof. We inductively construct a family of neck-stretching metrics, starting our description from the maximal strata. For a curve C, [C] is in a maximal stratum iff all the components of C have genus 0 and three special points. Consider the normalization of C (i.e. Remove the identifications w
. Around each special point p, take a small neighborhood N (p). Embed N (p)\{p} holomorphically into the cylinder {z = r + iθ : r > 0, θ ∈ R/Z}. The standard Euclidean metric on the cylinder is pulled back to give a metric on N (p)\{p}. The metrics on these neighborhoods can be extended smoothly to the rest of the sphere. Aut(C) is trivial for the maximal stratum.
Next, we aim to define a family of neck-stretching metrics on curves of type Γ that extends a family of metrics g defined on curves of type Γ ′ for all Γ ′ ≻ Γ. We first extend g to curves parametrized by a neighborhood of
Suppose Σ is of type Γ ′ and w is a node in Σ, then under the neck-stretching metric, there is an isometry from a neighborhood of w ± in Σ ι(w ± ) to the semi-infinite cylinder
Let f + , f − denote the maps z → e −2πz , z → e 2πz respectively. Define another metric g ′ in the neighborhoods N (w ± ) that is the pullback of the Euclidean metric by f ± •ρ w ± . g ′ extends smoothly over the lifts w + , w − . g ′ varies smoothly as we vary 
Σ1
Figure 2. Nodal curve in figure 1 with neck-stretching metric
(g ′ is not defined on all of Σ, but this is enough for our purpose.) Using lemma 1.1, we can associate a glued surface to every point in the neighborhood of the zero section of I S Γ ′ → S Γ ′ . For any Σ of type Γ ′ , let Σ δ , where δ = (δ w ) w∈Edge(Γ) .
f ± • ρ w ± gives holomorphic coordinates in a neighborhood of lifts of nodal points w ± -under these δ w ∈ C.
We now describe the metric on Σ δ using the one on Σ. Let l w = L w + it w := − ln δ w ∈ R ≥0 ×S 1 . The identification 'exp(z) ∼ exp(Φ δw z)' used in the construction of C δ can be re-written as
Σ δ is obtained from Σ by replacing the semi-infinite cylinders corresponding to w ± with a finite cylinder: for w + , we discard the part of the cylinder with coordinates s > L w and and for w − the part with coordinates s < −L w is discarded, the reminder of the cylinders is identified using (2). The two regions being identified are isometric, so we automatically get the neck stretching metric on all of Σ δ . If we assume that the metrics on curves of type ≻ Γ are invariant under the action of the automorphism group of the curve, the condition would be satisfied for the metrics we have constructed also. g can now be extended smoothly to all of M Γ g,n (no canonical choice here).
The choice of a family of neck-stretching metrics is not unique, but the space of all such metrics is contractible. So, we make a choice and fix it for the rest of the paper. Now, we can talk about a 'Riemann surface with cylindrical ends corresponding to a stable nodal curve'.
2. Preliminaries: vortices on surfaces with cylindrical ends 2.1. Definitions. Let G be a complex reductive Lie group, so it is the complexification of a maximal compact subgroup K. Let Σ be a Riemann surface and P → Σ a principal K-bundle. Let (X, ω) be a Kähler manifold on which G acts holomorphically.
Definition 2.1. 1. (Hamiltonian actions) A moment map is a K-equivariant map Φ such that ι(ξ X )ω = d Φ, ξ , ∀ξ ∈ k, where ξ X ∈ Vect(X) given by the infinitesimal action of ξ on X. The action of K is Hamiltonian if there exists a moment map Φ : X → k ∨ . Since K is compact, k has an Ad-invariant metric. We fix such a metric and k ∨ and so the moment map becomes a map Φ : X → k. We assume X is equipped with a Hamiltonian action and fix the moment map.
2. (Affine space of connections) Let (Σ, j) be a Riemann surface and P → Σ a principal K-bundle over it. In this paper, we mostly don't encounter closed Riemann surfaces, so we may assume that P = Σ × K. The space of connections is then the affine space
On any bundle over Σ, where the fiber has a K-action, a connection A = d + a defines a covariant derivative d A . For example on the bundle Σ × X,
At a point x ∈ Σ, a u (x) is the infinitesimal action of a(x) at u(x). The curvature of a connection A = d + a is
The curvature varies with the connection as
3. (Gauge transformations) A gauge transformation is an automorphism of P -it is an equivariant bundle map P → P . The group of gauge transformations on P is denoted K(P ). On the trivial bundle Σ × K, k ∈ K(P ) is a map k : Σ → K. It acts on a connection A = d + a as
A connection A determines a holomorphic structure on any associated bundle of P , whose fiber is a complex manifold. One such example is P (X) = P × K X. Let us call this complex structure ∂ A .
Definition 2.2. 1. (Gauged holomorphic maps) A gauged holomorphic map (A, u) from P to X consists of a connection A and a section u of P (X) that is holomorphic with respect to ∂ A . The space of gauged holomorphic maps from P to X is called H(P, X).
(Symplectic vortices)
A symplectic vortex is a gauged holomorphic map that satisfies F A + Φ(u)ω Σ = 0, where ω Σ ∈ Ω 2 (Σ) is an area form on Σ.
3. (Energy) The energy of a gauged holomorphic map (A, u) is
We assume the following in the rest of this article.
Assumption 2.3. K acts freely on Φ −1 (0).
This assumption can be relaxed to 'K acts on Φ −1 (0) with finite stabilizers', which would mean X/ /G may have orbifold singularities. All our techniques would apply in that case, but we keep the stronger assumption to make the exposition simpler.
Assumption 2.4 (Equivariant convexity at infinity). The moment map Φ : X → k ∨ is proper. There is a proper K-invariant function f : X → R ≥0 , and a constant c > 0 such that
The above assumption is an equivariant version of the idea of convexity in symplectic geometry introduced by Eliashberg and Gromov [EG91] . It implies that the image of a finite energy vortex is contained in the compact set {f ≤ c} (see [CGMiRS02] ). This is required for the Gromov compactness result (theorem 3.6) and the Hitchin Kobayashi correspondence (theorem 7.3).
2.2. Asymptotic behavior on cylindrical ends. On a non-compact base space, vortices with finite energy have good asymptotic properties -see [Zil09] . In this section we show that if the base space has cylindrical ends, we can get an improved result -proposition 2.8.
Proposition 2.5 (Decay for vortices on the half cylinder). Let Σ be a half cylinder
with the standard metric ω Σ = dr ∧ dθ. Suppose K acts freely on Φ −1 (0) and (A, u) is a finite energy vortex from the trivial bundle Σ × K to X. Then, there exist constants γ, C > 0 so that
where z = r + iθ.
Remark 2.6. This result is similar to Theorem 1.3 in [Zil09] and the proof carries over. It is an equivariant version of the isoperimetric inequality. But this result is much weaker, because in [Zil09] , γ is arbitrarily close to 1. The hypothesis in [Zil09] place some condition on X in order to make the metric on Σ 'admissible' -this can be dropped if we don't require an optimal value of γ.
The following lemma is an easy consequence of proposition 2.5
Proposition 2.7 (Removal of singularity for vortices at infinity). Suppose (A, u) is a finite energy vortex on the half cylinder {r + iθ : r ≥ 0, θ ∈ R/Z}. Then, there exist x 0 ∈ Φ −1 (0) and
Suppose, the restriction of A in s-gauge to the circle {r = r 0 } ≃ S 1 is d + adθ, there exist constants c, γ > 0 such that for all r 0 ≥ 0,
This ensures that the K-orbit Ku(±∞) is well-defined.
Proposition 2.8. Let p > 1. Suppose (A, u) is a finite energy vortex on a trivial K-bundle on the half cylinder Σ = {r + iθ : r ≥ 0, θ ∈ R/2πZ}. There is a gauge
for some positive constants c, δ > 0. Hence a W 1,p (Σ) < ∞.
Proof. We define the following subsets of Σ. Fix any ǫ < 1 2 . Let U be a closed set with smooth boundary containing U ′ = {r + iθ : 1 − ǫ ≤ r ≤ 2 + ǫ, −ǫ < θ < π + ǫ}, and only very slightly bigger than U . Let for any integer n ≥ 0,
m is an integer chosen so that F A L p (U i,n ) < κ for all i = 0, 1, n ≥ 0, where κ is the constant in theorem 2.1 in [Uhl82] . This bound ensures that the connection can be put in Coulomb gauge in each of these sets. By Uhlenbeck's local theorem (theorem 2.1 in [Uhl82] ), there is a gauge transformation g i,n on U i,n for all n ≥ 0, i = 0, 1 such that g i,n A is in Coulomb gauge, i.e. denoting a i,n = g i,n A − d,
where c is independent of (i, n). From proposition 2.5, F A L p (U i,n ) ≤ ce −γn for some γ > 0. Next,we patch all these gauge transformations to get one on ∪ nŨn . First look at one of the components of U 0,n ∩ U 1,n given by π − ǫ < θ < π + ǫ, we call this V n . On V n , let g 1,n = e ξn g 0,n . Let ψ be a cut-off function on [π − ǫ, π + ǫ] that is 1 in the neighbourhood of π − ǫ and supported away from π + ǫ. Let h n = e ψξn g 0,n . Define a gauge transformation g n onŨ n as being equal to h n on V n and equal to g 0,n or g 1,n outside V n . Define a n := g n A − d. We have to show that
For this it is enough to show that h n W 2,p (Vn) ≤ c F A L p (Ũn) , which in turn can be shown by a similar bound on ξ n W 2,p (Vn) . The condition in (4) is unchanged if g 1,n is multiplied by a constant factor -so we can assume there is a point p ∈ V n on which g 0,n and g 1,n agree. We know a 1,n = dξ n + Ad e ξn a 0,n . By a standard argument (see for example proof of lemma 2.4 in [Uhl82]), we get
By a similar process, we can patch g n and g n+1 for each n and obtain a gauge transformation on all ofg onŨ = ∪ nŨn . Denoteã :=gA − d. We have bounds
We can't use a similar patching technique for the other component of U 0,n ∩ U 1,n -given by [−ǫ, ǫ] and [2π − ǫ, 2π + ǫ]. This is because we can't make the gauge transformations agree at any point as we no longer have the flexibility of modifying anything by a constant. But, we can get a similar bound if we can show that
This is proved as follows. Let γ r denote the loop [0, 2π] ∋ θ → r + iθ ∈ Σ. Denote by Hol r the holonomy of A around γ r . By proposition 2.7,
Now, denote by Hol
new r the holonomy ofgA along the path [0, 2π] ∋ θ → r + iθ ∈Ũ -note that the end points are not identified inŨ , but since we are on a trivial bundle there is a canonical identification between the fibers at the end points. So, we have , Id) ≤ ce −γr . Together with (6) and (7), (5) follows.
loc is a finite energy vortex on a Riemann surface Σ with cylindrical ends. We assume Σ has one component and marked points z 1 , . . . , z n . Then, there exists a gauge transformation k ∈ W 2,p
Proof. It is enough to assume that there is only one cylindrical end. Apply proposition 2.8 to the restriction of (A, u) to the half cylinder N (z)\{z}, and call the resultant gauge transformation k 1 . The homotopy equivalence class of the map k 1 | {r=0} : R/2πZ → K will contain a geodesic loop θ → e −λθ , where λ ∈ k and e 2πλ = Id. Now, e λθ k 1 A = d + λdθ + a and a satisfies (8). The gauge transformation k := e λθ k 1 : [0, ∞) × R/2πZ → K is homotopic to the constant identity map, so using a cut-off function k can be defined on all of Σ in such a way that it is identity away from a small neighborhood of N (z).
Corollary 2.10. Suppose 0 < 1 − 2 p < γ and (A, u) be a finite energy vortex as in corollary 2.9. Then, there is a principal K-bundle over Σ so that (A, u) extends to a L p loc × W 1,p loc gauged holomorphic map on P .
Proof. The bundle P can be defined as follows. The trivial bundle N (z i ) × K is glued to Σ × K using transition function
. This is because: the coordinates in N (z i ) are obtained by e −z to the ρ i coordinates. This stretches unit vectors by a factor of e −r and the 1-form
Using proposition 2.7, we can see that ku extends continuously over z i , by elliptic regularity u ∈ w 1,p (N (z i )).
Remark 2.11 (Equivariant homology class). Suppose (A, u) is a finite energy vortex on a surface Σ with cylindrical ends, then by the removal of singularity proposition 2.7 and corollary 2.9, there is a K-bundle P on Σ such that (A, u) extends to a gauged holomorphic map over Σ. So, [u] is an equivariant homology class H K 2 (X). Theorem 3.1 in [CGS00] is also applicable, which says that vortices are energy minimizers in the equivariant homology class and
where ω − Φ ∈ H 2 K (X) and ·, · is the pairing between equivariant homology and cohomology.
Gromov convergence for vortices
Suppose C is an n-pointed stable nodal curve of genus g and that Σ is a Riemann surface obtained by the neck stretching procedure applied on C. The components of Σ are Σ 1 , . . . , Σ k , obtained by puncturing the respective components in C. Stability of C implies that each genus 0 component has at least 3 cylindrical ends and each genus 1 component has at least 1 cylindrical end.
A vortex on Σ is a tuple (A i , u i ) 1≤i≤k , where (A i , u i ) are finite energy vortices on Σ i that satisfy the connectedness condition :
for every nodal point w in Σ. By the finite energy condition, the limits Ku(z i ), Ku(w ± i ) exist -see proposition 2.7. Recall that M g,n (X) denote the space of Kvortices from this family of neck-stretched Riemann surfaces to X modulo the action of the gauge group.
To compactify this space, we need stable vortices. A stable vortex on Σ would consists of a finite energy vortex on each of its components. In addition,
• there may be a path of cylindrical vortices (vortices on S 1 × R) at each marked point z i .
• Any edge w ∈ Edge(Σ) may be replaced by a path of cylindrical vortices joining w + to w − .
• There may be trees of spherical bubbles on fibers P (X) x where x ∈ Σ or it is in the domain (S 1 × R) of one of the cylindrical vortices.
We give a rigorous definition below.
Definition 3.1 (Stable vortex on a Riemann surface with cylindrical ends). Suppose C is an n-pointed stable nodal curve of genus g and Σ is the corresponding Riemann surface with cylindrical ends. A stable vortex on Σ is modelled on a graph Γ such that st(Γ) = Γ(Σ). vert(Γ) can be partitioned as
The vertices Γ C and Γ S are cylindrical and spherical respectively. The set of cylindrical vertices decomposes into (possibly empty) subsets
and each set is equipped with an ordering. For x = z or w as above,
A stable vortex on Σ modelled on the graph Γ is a tuple ((
Maps: For α ∈ st(Γ), Σ α is the corresponding component of Σ and for α ∈ vert(Γ C ), Σ α is the cylinder {r + iθ : r ∈ R, θ ∈ R/Z} with Euclidean metric. In either case, w α := (A α , u α ) is a finite energy vortex from the trivial bundle Σ α ×G to X. For α ∈ Γ S , u α is a spherical fiber bubble i.e. it is a holomorphic map from (P 1 ) α to P (X) x for some x ∈ Σ ∪ β∈Γ C Σ β . Nodal points: Suppose w ∈ Edge(Γ). Let α = ι(w + ) and β ∈ ι(w − ).
• If α, β ∈ Γ S , then u α and u β map to the same fiber
• If α, β ∈ Γ C , then α and β are consecutive elements in a set C z for z ∈ Edge(Γ) ∪ Edge ∞ (Γ). We assume α = α z,j and β = α z,j+1 . Then, w + and w − are the north (+∞) and south (−∞) poles of S 1 × R respectively, and Ku α (w + ) = Ku β (w − ). (For finite energy vortices Ku(±∞) is well-defined by proposition 2.7.) • If α ∈ st(Γ) and β ∈ Γ C , there are 3 possibilities -β = α z i ,1 for some marked point z i of Σ. w + = z i ∈ Σ\Σ and w − is the south pole. -β = α w 0 ,1 for some w 0 ∈ Edge(Σ). w + = w + 0 ∈ Σ\Σ and w − is the south pole.
-β = α w 0 ,|C(w 0 )| for some w 0 ∈ Edge(Σ). w − = w − 0 ∈ Σ\Σ and w + is the north pole.
In all cases, Ku α (w + ) = Ku β (w − ).
• If α, β ∈ st(Γ), then this edge corresponds w 0 ∈ Edge(Σ), so w + = w 
there is a marked point
is the north pole of the cylinder corresponding to the vertex α z i ,|C(z i )| ∈ Γ C(z i ) . Stability: For α ∈ Γ C ∪ Γ S , if u α is the constant map then the number of marked points plus nodal points on α is at least 3.
For α ∈ vert(st(Γ)) ∪ Γ C , we denote by Z α the set of points x in Σ α where there are sphere bubbles in the fiber P (X) x .
Remark 3.2. To define convergence on a sequence of Riemann surfaces, these surfaces must be identified to each other. First, we consider curves of the same combinatorial type. Suppose C is a nodal curve of type Γ and Def Γ (C) be a universal deformation of type Γ parametrized by (S, 0). Then, there is a smooth family of diffeomorphisms
satisfying the condition that h s preserves special points and in a neighborhood N (z) of a special point z = z i , w ± i , h s is a bi-holomorphism. We can demand the further condition that under the neck-stretching metric h s be an isometry in the neighborhoods N (z). To understand the behavior of curves of different combinatorial type, we consider C ν a sequence of smooth curves and C a nodal curve such that [C ν ] converges to [C] in M g,n as ν → ∞. Σ ν and Σ are Riemann surfaces with cylindrical ends corresponding to C ν and C respectively. For each ν, we can find a nodal curve C ν ∈ Def Γ (C) of the same combinatorial type as C so that C ν can be obtained from C ν by gluing. Denote by (Σ ν , g ν ) the corresponding Riemann surface with cylindrical ends. We call the gluing parameter δ(ν) and write δ(ν) = (δ w ) w∈Edge(C) , where δ w ∈ T w + Σ ι(w + ) ⊗ T w − Σ ι(w − ) . As in (10), we have diffeomorphisms
Denote (h −1 ν ) * g ν also by g ν ∈ ⊗ 2 (T * Σ), and we have g ν → g in C ∞ (Σ). We break up Σ δ(ν) into the following Riemann surfaces. Let
where ∼ is an equivalence relation like in (2) corresponding to every edge in Γ(C). Note that l w (ν) → ∞ as ν → ∞. The benefit of these constructions is that, now Σ ν,α ⊂ (Σ, g ν ), and so we can talk about convergence on Σ. Denote by j ν the complex structure associated to g ν . A gauged holomorphic map w defined on Σ ν can be pulled back to one on Σ ν,1 ∪ · · · ∪ Σ ν,k and restricted to Σ ν,α -this object is also denoted by w. We define Gromov convergence for a sequence of finite energy vortices (A ν , u ν ) defined on Σ ν . The limit will be a stable vortex on Σ.
Notation 3.3. For Σ, a Riemann surface with cylindrical ends, we denote by Cyl(Σ) ⊂ Σ, the parts of Σ which are isometric to a cylinder -these are neighborhoods of edges, and if there is a nodal curve Σ ′ from which Σ is obtained by gluing, the resulting finite cylinders are also in Cyl(Σ). For example, in (11), the finite cylinders ρ −1
We use the the maps ρ w ± to describe the coordinates in these finite cylinders also.
Definition 3.4 (Gromov Convergence). Suppose {C ν } {ν∈N} be a sequence of npointed curves of genus g and C is a stable nodal curve such that
Let Σ ν , Σ be Riemann surfaces with cylindrical ends corresponding to C ν , C. Let w ν := (A ν , u ν ) be a sequence of vortices on the trivial bundle Σ ν ×G. We say the sequence Gromov converges to a stable vortex ((w α ) α∈Γ(Σ)∪Γ C , (u α ) α∈Γ S , (z i ) 1≤i≤k ) if the following conditions are satisfied.
Map: (a) For each α ∈ vert(st(Γ)), there exist a sequence of gauge trans-
• a sequence of numbers s ν,α → ∞ which define a seqeunce of translations
mapping a part of Σ α to the cylindrical end corresponding to z i .
• a sequence of gauge transformations k ν,α so that k ν,α (φ * ν,α (A ν , u ν )) converges to (A α , u α ) on compact subsets of (S 1 × R) α \Z α . (c) For every α ∈ Γ C(w) for some w ∈ Edge(Σ), there exist
• a sequence of numbers 0 < s ν,α < l i (ν) such that s ν,α , l i (ν) − s ν,α → ∞ as ν → ∞, which define a sequence of translations
mapping a part of Σ α to the cylindrical end corresponding to w
there is a sequence Ω ν,α ⊂ C ⊂ (P 1 ) α that exhaust C, and a sequence of rational maps φ ν,α : Ω ν,α → Σ ν so that u ν • φ ν,α converges to u α on compact subsets of (P 1 ) α \Z α . Rescaling:
• Suppose α, β ∈ Γ s are fiber bubbles in the same fiber P (X) x . Then, Remark 3.5. The definition of Gromov convergence is independent of the choice of h in (10).
The main theorem is Theorem 3.6 (Gromov compactness). Suppose {C ν } ν∈N are n-pointed genus g curves and C is a stable nodal curve such that
a sequence of vortices defined on Σ ν , the Riemann surface with cylindrical ends corresponding to C ν , that satisfy
Then, after passing to a subsequence, the sequence converges to a stable vortex w = (A, u) on Σ.
The evaluation maps are continuous under the Gromov topology, and the equivariant homology class [u ν ] is preserved in the limit. The following proposition is proved in section 4.
Proposition 3.7 (Continuity of ev i ). Assume the setting of theorem 3.6.
(a) Suppose the limit stable vortex (A, u) is modelled on a graph Γ. For each of the marked points z 1 , . . . , z n ,
(z Γ i is defined as part of the definition of a stable vortex.)
We have defined Gromov convergence and stated the Gromov compactness theorem in the case when the sequence of vortices (A ν , u ν ) is defined on smooth curves and the limit stable vortex is defined on a possibly nodal curve. This can easily be generalized to the case when (A ν , u ν ) are stable vortices on possibly nodal curves. After proving theorems 3.6 and 3.7, we'd have a compact space M V Proposition 4.1 (Sphere bubbling). Let Σ = B 1 (z) ⊂ R 2 be a neighborhood of a point on a surface, and suppose there is a sequence of metrics g ν on Σ converging to g. Denote Σ ν := (Σ, g ν ). Let (A ν , u ν ) be a sequence of vortices on the trivial bundle
for all compact subsets of K ⊂ Σ\{z}. Then, there is a stable vortex (A, u) modelled on a tree T = {Σ} ∪ V S , where V S is a sphere bubble tree in the fiber P (X) z , such that (A ν , u ν ) Gromov converges to (A, u). This is proved by Ott [Ott09] using the following technique: a vortex (A ν , u ν ) can be viewed as a J Aν -holomorphic curve from C to P (X). Here J Aν is the complex structure on P (X) corresponding to the Dolbeault operator ∂ Aν and the sequence J Aν converges to J A . Now, one can apply the result of Gromov convergence of Jholomorphic curves. Knowing this result, we can carry out the rest of the proof assuming the target X is aspherical -so there is no sphere bubbling.
Proposition 4.2 (Convergence of vortices modulo breaking of cylinders).
Let Σ ν , Σ be as defined in theorem 3.6, and let w ν := (A ν , u ν ) be a sequence of vortices on the trivial bundle Σ ν × G that satisfy
Assume X is aspherical.
After passing to a subsequence, there exists a vortex (A, u) on Σ (possibly not satisfying the connectedness condition (9)) and a sequence of gauge transformations
where E z and E w are defined as
The proof of this theorem is analogous to proof of proposition 37 in [Zil12] . It uses a combination of Uhlenbeck compactness on non-compact domains (Theorem A' in [Weh04] ) and elliptic regularity on u ν . The only difference here is that the metric on Σ is not fixed -but this doesn't create any changes because Uhlenbeck compactness ( [Weh04] ) and elliptic regularity for pseudoholomorphic curves (proposition B.4.2 in [MS04] ) are valid when we have a sequence of converging metrics. 4.2. Breaking of cylinders. In proposition 4.2, E z and E w represent energy that escapes to infinity on cylindrical ends. This leads to breaking of cylinders. To analyze that we need quantization of energy for vortices on a cylinder and that the ends of the cylinders connect in the image.
Proposition 4.3. Suppose (A, u) is a finite energy vortex on R × S 1 .
(a) (Annulus Lemma) There exist constants C, δ, E C > 0 that satisfy the following: for any
Proof. The proof of (a) is identical to the proof of the corresponding result for vortices in C in [Zil12] . To prove (b) consider a vortex (A, u) on R × S 1 satisfying E(A, u) ≤ E C . For any s 0 < s 1 and T > 0, by part (a), 
Then, there exists a finite energy non-constant vortex (A 1 , u 1 ) on a cylinder Σ 1 = (R × S 1 ), a sequence of translations φ ν : [0, ∞) × S 1 → R × S 1 given by r + iθ → r + r ν + iθ with lim ν r ν = ∞ such that after passing to a sub-sequence, the following are satisfied:
There is a sequence of gauge transformations k ν so that
Proof. The proof runs parallel to the proof of proposition 4.7.1 in [MS04] . Pick 0 < δ < min{E C , m 0 } (from proposition 4.3). Define the sequence s ν as
Step 1:
We observe that (12) implies that for any sequence R ν → ∞,
and that there exists a sequence σ ν → ∞ for which equality is attained. i.e.
lim
This implies for every T ≥ 0,
The result of step 1 would be true if s ν − σ ν is bounded above. So, we assume lim ν (s ν − σ ν ) = ∞. From (13) and (14),
We split up the cylinders [σ ν , s ν ] × S 1 into 3 parts and show that in the limit all the energy is focused in the part at the s ν end. First, we handle the middle part. By the annulus lemma (proposition 4.3 (a)), there exist constants c, δ > 0 so that for any T > 0,
For the part at the σ ν -end, we prove the following.
Claim. lim
Proof. Consider the sequence of rescaled vorticesw ν (z) := w ν (z + σ ν ). Then, for all
where the last inequality follows from (13) and (15). By quantization of energy (proposition 4.3), the above limit is 0. So, the claim follows.
Together with (16) and (17), this implies, for all T ≥ 0
Step 1 is proved because, for all T ≥ 0
Step 2: Finishing the proof. Let w 1 ν (z) := w ν (z + s ν ), so
Step 1 implies that
Repeating the steps in the proof of proposition 4.2, parts (a) and (b) of the proposition follow. w 1 is non-constant, because E(w 1 , (−∞, 0]) = lim ν E(w 1 ν , (−∞, 0] × S 1 ) = δ 2 > 0. Now we come to (c). Define
If R is large enough that there is no sphere bubbling for u on s > R and no bubbling for v on s < −R, then
So, lim R→∞ E(R) = 0. For large enough R, apply the annulus lemma on u ν on the
Letting R → ∞, we get Ku(∞) = Ku 1 (−∞).
Lemma 4.4 implies the following proposition.
Proposition 4.5 (Breaking of cylinders at marked points). Suppose w ν = (A ν , u ν ) is a sequence of vortices on the trivial K bundle on the cylinder Σ := [0, ∞) × S 1 . We assume the sequence converges to a finite energy vortex w = (A, u) smoothly on compact subsets of [0, ∞) × S 1 and the following limit exists.
Then, there is a stable vortex (A, u) modelled on the tree {Σ} ∪ V C so that a subsequence of (A ν , u ν ) Gromov-converges to (A, u), except there is no stability requirement on Σ. Here V C consists of a path of m cylindrical vertices {α 1 , . . . , α m } and α 1 is connected to Σ.
For the set-up of the next proposition, suppose
Proposition 4.6 (Breaking of cylinders at nodal points). Suppose w ν := (A ν , u ν ) be a sequence of vortices on the trivial bundle Σ + ν × K. We assume there are sequences of gauge transformations k ± ν such that k + ν w ν (resp. k − ν (r * ν w ν )) converges to a finite energy vortex w + (resp. w − ) smoothly on compact subsets of Σ + (resp. Σ − ). Also, we assume the following limit exists.
Then, there is a stable vortex (A, u) modelled on the tree {Σ + , Σ − } ∪ V C so that a subsequence of (A ν , u ν ) Gromov-converges to (A, u), except there is no stability requirement on Σ + and Σ − . Here, V C consists of a path of m nodes {α 1 , . . . , α m } connecting Σ + and Σ − .
Proof. We observe
The proof is by induction on the integer ⌊ m 0 E C ⌋, where E C is from the proposition 4.3. If m 0 > 0, as in the proof of lemma 4.4, pick 0 < δ < min{E C , m 0 } and define a sequence 0 < s ν < L ν that satisfies
We divide our analysis into three cases 
Also, w 1 is non-constant and Ku + (∞) = u 1 (−∞).
w 1 is the first cylindrical vortex α 1 in the path connecting Σ + to Σ − . We set
By the induction hypothesis, the proposition is true for the sequence of vortices
This would give us a path of cylindrical vertices connecting Σ α 1 to Σ − -we label the vertices {α 2 , . . . , α m }. We have a sequence of translation maps Σ α i → Σ α 1 for i > 1. This can be composed with the sequence
to yield φ ν,α i for i = 2, . . . , m.
From the induction hypothesis, we obtain
Combined with (20) and (19), this establishes the energy equality for Gromov convergence.
Case 2: m 0 > 0 and lim ν→∞ (L ν − s ν ) = L < ∞. In this case m = 0. The sequences w ν (· + s ν ) and w ν (· + l ν ) (recall l ν = L ν + it ν ) will have the same limit up to reparametrization. But w ν (· + l ν ) = r * ν w ν . Imitating the proof of lemma 4.4, we get m 0 = E(w − ) and Ku + (∞) = Ku − (−∞).
So, E(w − ) = 0, and u − maps to Ku + (∞).
We next prove proposition 3.7 : this is about the continuity of the evaluation map and preservation of homology class under Gromov convergence.
Proof of proposition 3.7 (a). We focus on a marked point z 0 and a sequence of vortices w ν = (A ν , u ν ) defined on trivial K-bundles on cylinders [0, ∞) × S 1 . The proposition is equivalent to showing -'Given w ν converges to w = (A, u) in C ∞ on compact subsets of [0, ∞) × S 1 and (21) lim
then lim ν→∞ Gu ν (∞) = Gu(∞).' First, we observe that the limits Ku ν (∞), Ku(∞) exist using the removal of singularity theorem (proposition 2.7). Next, using (21) and the annulus lemma (proposition 4.3 (a), the convergence Ku ν (re iθ ) → Gu ν (∞) as r → ∞ is uniform for all ν. This proves the result.
Proof of proposition 3.7 (b). The conservation of equivariant homology class can be proved in a way similar to chapter 5 in Ziltener's thesis [Zil06] . But, the proof is quite transparent if the sequence (A ν , u ν ) is part of a continuous family as in the quasimap case. We use that to give an indirect proof in the cases when X is affine and hence Qmap(X/ /G, β) is compact. From the proof of theorem 0.2 in section 7, we know Ψ :
is continuous, bijective and preserves β. We remark that H G * (X) and H K * (X) are isomorphic because G/K is contractible. In [CKM11] , it is shown that a family in Qmap(X/ /G, β) parametrized by S\{0} extends to a family over S. The map u restricted to the central fiber represents the same equivariant homology class as [u s ] for s ∈ S\{0} because there is a cobordism between u 0 and u s . So, Qmap(X/ /G, β) is compact. So, after passing to a sub-sequence, Ψ −1 (A ν , u ν ) converges to w ∞ ∈ Qmap(X/ /G, β).
We finally show that the Gromov limit is unique.
Lemma 4.7 (Uniqueness of Gromov limit). Assume the setting in theorem 3.6. Suppose the sequence of vortices (A ν , u ν ) converges to a stable vortex (A, u). Then this limit is unique up to 1) gauge transformations, 2) translation on cylindrical components i.e. α ∈ Γ C , 3) reparametrization of spherical components i.e. α ∈ Γ S , 4) action of the finite automorphism group on C.
Proof. In proposition 4.2, suppose (A ν , u ν ) is a converging sub-sequence. Then the bubbling set is unique because these are the points where the energy density blows up. The limit (A, u) is unique up to gauge transformation because: A is unique up to gauge because the space A/K is Hausdorff (see lemma 4.2.4 in [DK90] ). Once we know gauge transformations k ν such that k ν A ν converges to A, then the limit k ν u ν , if it exists, is obviously unique. The uniqueness of the sphere bubble trees in the fibers P (X) z can be proved in the same way as the proof of uniqueness of limit of J-holomorphic curves (section 5.4 in [MS04] ). The uniqueness is up to reparametrization of components in Γ S .
Next, consider the formation of cylindrical bubbles.
Step 1 of the proof of lemma 4.4 shows that the choice of the sequence {s ν } ν is unique in the following sense. If there is another sequence s ′ ν for which lemma 4.4 is satisfied, then after passing to a subsequence lim ν s ′ ν − s ν = L < ∞. In that case, the limit w ′ 1 will just be a re-parametrization of w : w 1 (·) = w(L + ·). Suppose not. If L = ∞, then m 0 − m 1 amount of energy would be lost, and by part (d) of the lemma, we know m 0 − m 1 is positive. So, lets assume s ′ ν < s ν and L = −∞. In Step 1, we showed lim ν (s ν − σ ν ) is finite, so s ′ ν < σ ν . Therefore, lim
By the same arguments as were used for σ ν , we can say lim ν (s ν − s ′ ν ) is finite. The rest of cylinder-breaking proof is an application of this lemma, and hence the limit stable vortex is unique.
The fact that the limit is unique only up to the action of the finite group Aut(C), is hidden because we have fixed a choice of diffeomorphisms h s : C s → C 0 . Modifying the family h s can have the effect of pulling back (A, u) by an element in Aut(C).
M V K g,n (X) is Hausdorff
On the space M V K g,n (X), Gromov topology is defined as: a set S ⊂ M V K g,n (X) is closed if for any Gromov convergent sequence in S, the limit also lies in S. In this section we show At a first glance, the first statement may appear obvious. But it is true only if we know that M V K g,n (X) is Hausdorff and first countable -see discussion in section 5.6 of [MS04] . We follow the approach in [MS04] , borrowing some ideas from [IP13] . For any stable vortex w on a Riemann surface with cylindrical ends Σ (corresponding to stable nodal curve C) modelled on a graph Γ, we define a metric-like function In addition, if we know that Gromov limits are unique, then proposition 5.1 follows using proposition 5.6.5 in [MS04] .
The forgetful map π : M V K g,n (X) → M g,n is continuous. Since the properties D1-D3 are regarding a small neighborhood of w, d w can be defined so that d w (w 0 , w 1 ) is finite only if both π(w 0 ) and π(w 1 ) are in a neighborhood [C] ∈ S C ⊂ M g,n . We assume S C is small enough that for any [C ′ ] ∈ S, the discussion in remark 3.2 applies, i.e. if Σ ′ is the Riemann surface with cylindrical ends corresponding to C ′ , we can write
. The metrics g Σ ′ and g Σ agree on cylindrical ends. While defining d w , we don't keep track of metrics and just use g Σ everywhere. The cylinders Σ α = (S 1 × R) α , α ∈ Γ C are equipped with the standard metric. For a Riemann surface Σ and two points p 0 , p 1 lying on the same component of Cyl(Σ) (see remark 3.2 for definition), the quantity p 1 − p 0 ∈ R × R/2πZ makes sense.
We don't consider sphere bubbles in the fibers P (X) x , i.e. Γ S = φ. So, the domain of w is Σ ∪ ∪ α∈Γ C Σ α . Sphere bubbles can be incorporated into the definition of d w in a manner similar to that of [MS04] and is left to the reader. C Γ , the curve corresponding to the domain of w, can be stabilized by adding k marked points x = (x α ) α∈Γ C -one on each cylindrical bubble Σ α . Without loss of generality, we can assume x α is the origin in the coordinate system R × R/Z. Now, [(C Γ , x)] ∈ M g,n+k . For stable vortices w 0 , w 1 , we define d w (w 0 , w 1 ) when there are morphisms w 1 ) , the domain of w 0 , w 1 also have to be realized as stable n + k-pointed curves. For this we choose marked points x 0 , x 1 , calculate d(w 0 , w 1 ; x 0 , x 1 ) and then take infimum over all choices. x i ∈ C Γ(w i ) are chosen in a way that
, where Γ ′ (w i ) is Γ(w i ) with the additional marked points.
, so we have to include the cylindrical α ∈ Γ(w i ) C which are unstable in the domain.
• x 0 and x 1 are compatible with the metric. If the marked points x 0,i , x 0,j lie in the same component
Given L > 0 and a choice of marked points x 0 , x 1 on the domains of w 0 , w 1 respectively, we can construct a Riemann surfaceΣ i,L,x i which is the disjoint union of the following:
In the last line,
,α are identified to each other. To do the same for α ∈ Γ C , we set x 0,α + z ∼ x 1,α + z when both of them are well-defined points oñ Σ 0,L,x i ,α andΣ 1,L,x i ,α respectively. w i is defined by pull-back onΣ i . On bothΣ i and the cylindrical vertices of Γ(w i ), the principal K-bundle is trivializable. We fix a trivialization, and by restriction define w on the trivial K-bundle onΣ i,L,x i . Now, both w 0 , w 1 are defined on the trivial bundle on
Given (w 0 , w 1 , x 0 , x 1 ), define
Proof of proposition 5.1. : By the definition of d w , it is easy to see that D1-D3 are satisfied. By lemma 4.7, Gromov limits are unique up to gauge transformation. The proof follows using proposition 5.6.5 in [MS04] .
Quasimaps to GIT quotients
In this section, we define quasimaps and recall why the moduli space of stable quasimaps is proper. For details, refer to the paper by Ciocan-Fontanine, Kim and Maulik [CKM11] . Suppose X is an affine variety and G a reductive complex algebraic group acting on X, the action is linearized by a character θ ∈ ξ(G). Any character θ determines a one-dimensional representation C θ of G, and hence a G-equivariant line bundle L θ = X × C θ -it is ample since X is affine. We fix a θ and under this linearization, let X s , X ss denote the stable and semistable locus of X respectively and that X/ /G is the GIT quotient. We assume X s = X ss and that G acts freely on X s . Definition 6.1. Given integers g, n ≥ 0 and a class β ∈ H G 2 (X), an n-pointed genus g quasimap of class β to X/ /G consists of the data (C, p 1 , . . . , p n , P, u), where
• (C, p 1 , . . . , p n ) is a nodal curve of genus g with n marked points, • P is a principal G-bundle on C, • u ∈ Γ(C, P × G X) such that (P, u) is of class β, satisfying: there is a finite set B so that u(C\B) ⊂ X ss . The points in B are called the base points of the quasimap. For a component C ′ ⊂ C, u is constant on C ′ if u(C ′ ) ⊂ X ss and u / /G : C ′ → X/ /G is a constant. (C, p 1 , . . . , p n , P, u) is stable if the base points are disjoint from the nodes and markings on C and
• every genus 0 component C ′ of C has at least 2 marked or nodal points. If it has exactly 2 marked points, then u is non-constant on C ′ , • if for a genus 1 component C ′ of C, u is constant on C ′ , then C has at least one marked or nodal point.
An isomorphism between two quasimaps (C, p, P, u) and (C ′ , p ′ , P ′ , u ′ ) consist of isomorphisms f : (C, p) → (C ′ , p ′ ) and σ : P → f * P ′ such that under the induced isomorphism σ X :
Definition 6.2. A family of quasimaps over a base scheme S consists of the data (π : C → S, {p i : S → C} i=1,...,k , P, u) where C → S is a proper flat morphism such that each geometric fiber C s , s ∈ S is a connected curve, p i are sections of π, P → C is a principal G-bundle and u : C → P × G X is a section. For each s ∈ S, (C s , p(s), P s , u| Cs ) is a quasimap.
We describe the compactification of Qmap g,n (X/ /G, β) from [CKM11] . Let (S, 0) be a pointed curve and let S 0 = S\{0}. Let ((C, p i ), P, u) be a S 0 -family of stable quasimaps. After possibly shrinking S and an etale base change, the base points can be regarded as additional sections y i : S 0 → C. The family gives a rational map [u] : C → X/ /G which is regular on C\B. Since X/ /G is projective, after shrinking S (removing closed sets where the extension requires blowing up), [u] Next, consider all maximal sub-trees of sphere bubbles (rational tails) Γ 1 , . . . , Γ N inĈ 0 that have none of the marked points p i and meets the rest of the curve (Ĉ 0 \Γ l ) in a single point z l . Contract these subtrees inĈ and call the resulting surface C and let (P , u) := (P ,û)| C . (P , u) is well-defined on C\{z 1 , . . . , z N }. Base points y j may come together at the points z 1 , . . . z N , but these points are away from the markings p i . By lemma 4.3.2 in [CKM11] , P extends to a principle G-bundle on C (i.e. there exists a suitable trivialization of P in a neighborhood of 0). By Hartog's theorem, since X is affine, u extends to all of C.
A homeomorphism between quasimaps and vortices
The proof of 0.2 is carried out in this section.
7.1. From a G-variety to a Hamiltonian K-manifold. As in [CKM11] , we assume the target X is affine. By proposition 2.5.2 in [CKM11] , there is a vector space V with a linear G-action and a G-equivariant closed embedding X ֒→ V . The G action on V ≃ C n is given by a homomorphism φ : G → GL(n). Let K ⊂ G be a maximal compact subgroup of G. Choose coordinates on V such that ρ(K) ⊂ U (n). The action of U (n) on V with the standard symplectic form i (dx i ∧ dy i ) is Hamiltonian with moment map
Here, u(n) ∨ is identified with u(n) via the inner product (A, B) = trace(A * B). The moment map for the K-action is
But, recall that the GIT quotient of X is defined in terms of a polarization -which is a line bundle X × C θ . And, a choice of polarization is equivalent to a choice of moment map. The moment map is unique up to an additive term in z(k ∨ ). So, the moment map corresponding to the given polarization is Φ = Φ ′ + c, where c ∈ z(k ∨ ). By the Kempf-Ness theorem ([KN79]), a point x is semi-stable iff its orbit-closure intersects Φ −1 (0). Together with the stable=semistable assumption, we get
The G-action on X ss being free is same as the K action on Φ −1 (0) being free. It is easy to see that assumption 2.4 is satisfied for the moment map Φ + c for any c ∈ z(k ∨ ).
In general, any quasiprojective polarized G-variety can be embedded equivariantly into projective space P(V ) in a way that the G-action is given by a homomorphism G → GL(V ). Under the Fubini-Studi form, the K-action is Hamiltonian and produces a moment map on X. But this won't satisfy the convexity assumption 2.4 unless X is projective.
Correspondence between vortices and stable quasimaps.
A prestable quasimap on a curve C to a GIT quotient X/ /G is a pair (P C , u) where P C → C is a principal G-bundle and u : C → P C × G X is holomorphic such that u maps special points on C to X ss . By choosing a section σ : C → P C /K, we get a principal K-bundle P → C and a gauged holomorphic map (A, u) on C. Suppose [C] ∈ M g,n and Σ is a Riemann surface with cylindrical ends corresponding to C. Theorem 7.3 says that a gauged holomorphic map can be 'weakly complex gauge transformed' to a finite energy vortex on Σ and this vortex is unique up to unitary gauge transformations (i.e. k : Σ → K). This shows that Ψ in theorem 0.2 is a bijection.
Definition 7.1 (Complex gauge transformations). The complexified gauge group G(P ) consists of sections
is an isomorphism. So, a complex gauge transformation g can be written as g = ke iξ , where k ∈ K(P ) and ξ ∈ Lie(K(P )) = Γ(P (k)).
Definition 7.2. (Weak gauge transformations and gauged holomorphic maps) Let p > 2. We call a gauged holomorphic map (A, u) on P → C weak if it is smooth on C\{z 1 , . . . , z n } and for 1 ≤ i ≤ n, on a neighbourhood of
A (complex) gauge transformation on P is weakly extendable if it is smooth on C\{z 1 , . . . , z n } and in W 1,p in a neighbourhood of z i . Denote by G(P ) we the group of weakly extendable gauge transformations.
In the following theorem, X is allowed to be a Hamiltonian Kähler manifold which may not have the structure of an algebraic variety, so we overload notation and define X ss := GΦ −1 (0). Theorem 7.3. ([VW13] theorem 2.10, remark 2.11) Suppose X is Kähler manifold with Hamiltonian action of a compact Lie group K, which is either compact or equivariantly convex at infinity with a proper moment map (i.e. satisfies assumption 2.4). Let G be the complexification of K, and suppose G acts freely on X ss .
Let C, Σ be as above. Let (A, u) be a gauged holomorphic map from Σ to X that extends to a map over some principal bundle P → C, and suppose u(z i ) ∈ X ss for all the marked point z 1 , . . . , z n . For any p > 2, there is a weakly extendable complex gauge transformation g ∈ G(P ) we such that g(A, u) is a smooth finite energy symplectic vortex, which is unique up to left multiplication by a unitary gauge transformation.
Conversely, given any finite energy symplectic vortex on Σ, there is a K-bundle P → C so that (A, u) extends to a weak gauged holomorphic map on P . There is a weakly extendable complex gauge transformation g ∈ G(P ) we so that g(A, u) is smooth over C. The gauged holomorphic map g(A, u) is unique up to complex gauge transformations in G(P ).
Outline of proof. We first prove the first statement -going from a gauged holomorphic map on C to a vortex on Σ.
Step 1: We can pick a reduction of the bundle σ : C → P C /K so that (a) there is a trivialization of the bundle P | Σ so that on any cylindrical end
We start out with an arbitrary choice of reduction. The first condition is achieved by working on a compact neighborhood of z i in C and applying a complex gauge transformation that makes the connection flat in this neighborhood. For the second condition, we can use a constant gauge transformation -since u(z i ) ∈ X ss and any semistable G-orbit in X contains a unique K-orbit in Φ −1 (0).
Step 2: (A, u) can be complex gauge transformed so that it is a finite energy vortex on the cylindrical ends -i.e. outside of a compact subset of Σ. In a chart around z i -N (z i ) ⊂ Σ, there is a trivialization of P so that the connection is trivial, so u : N (z i ) → X is holomorphic. Since Φ is analytic on X, Φ • u is analytic on N (z i ). So, close to z i , |Φ • u| ≤ c|z − z i |. Switching to working with Σ with cylindrical coordinates on N (z i )\{z i }, we get |Φ • u| ≤ ce −r . This implies that Φ • u L 2 (Σ) < ∞ and since A is flat on the cylindrical ends, the L 2 norm of the curvature F A is finite on Σ which gives us that * F A + Φ(u) L 2 (Σ) < ∞. Now, by an implicit function theorem argument (proposition 5.3 in [VW13] ) on each of the cylindrical ends, for large enough r i , one can find a complex gauge transformation e iξ i that makes (A, u) a finite energy vortex on ρ
Step 3: (A, u) can be complex gauge transformed to a finite energy vortex on all of Σ. We are given that (A, u) satisfies the vortex condition on Σ\Σ 0 , where Σ 0 ⊂ Σ is compact. This step uses a Hitchin-Kobayashi correspondence for symplectic vortices on compact surfaces with boundary proved by the author in [Ven12] . It says :'Suppose Ω is a compact Riemann surface with boundary and (A, u) is a gauged holomorphic map from Ω × K to X such that * F A + Φ(u)| ∂Ω = 0. Then, there exists a complex gauge transformation e iξ such that e iξ (A, u) is a vortex on Ω. ξ ∈ W 2,p (Ω, G) and ξ| ∂Ω = 0.' We can potentially apply this result to Σ, but since the ξ produced by it is not in W 2,p 0 , it can't be extended to W 2,p loc in a way that preserves the vortex condition on Σ\Σ 0 . To get around this issue, we exhaust Σ by a sequence of compact subsets Σ 0 ⊂ Σ 1 ⊂ · · · ⊂ Σ. The above-mentioned Hitchin-Kobayashi result is applied in each of these subsets, it can be shown that the limit is indeed a finite energy vortex on Σ that is related to the initial gauged holomorphic map by a weak complex gauge transformation.
The second part is proved by corollary 2.10. Refer to [VW13] for proofs of uniqueness and other details.
Remark 7.4 (Bijection between Qmap g,n (X/ /G, β) and M V K g,n (X, β)). Theorem 7.3 produces a bijection
. This is because -given a stable quasimap (C, z, P, u), we can apply the above result on each component of C to produce an element of M V K g,n (X) -it will be a stable vortex on C = st(C) ∈ M g,n with neck-stretching metric. The components in C that are not present in C are all rational and will have at least two special points (by the stability of quasimap) and these would correspond to the cylindrical vertices on the vortex side, with the two special points mapped to the two ends of the cylinder.
For the reverse step, we need to choose the complex gauge transformation in each component in way that the nodal points z + i and z − i map to the same point. Note that since X is affine, in particular it is aspherical, the components of the stable vortex would consist of components of C and some cylindrical vertices. The cylindrical vertices are non-constant and have 2 special points -so a stable vortex would indeed produce a stable quasimap. Finally it is easy to see that Ψ preserves the equivariant homology class β ∈ H G 2 (X).
7.3. Continuity for smooth curves. In this and the following section, we prove the continuity of the map Ψ in theorem 0.2. Together with the fact that Ψ is a bijection and the spaces M V K g,n (X, β) and Qmap(X/ /G, β) are compact and Hausdorff, we can conclude that Ψ is a homeomorphism.
To prove continuity of Ψ, the setting is : let S ⊂ C be a neighborhood of 0. Given a family of quasimaps Q S parametrized by S, Q S = (C → S, {z i : S → C} i=1,...,k , P C , u), our first step is to make a preliminary choice of reduction σ : C → P C /K (lemma 7.6) so that we have a family of gauged holomorphic maps w s = (A s , u s ) parametrized by S. Each member of the family can be complex gauge transformed by g s to a vortex with cylindrical ends. We show that for any sequence s i in S converging to 0, g s i w s i Gromov converges to g 0 w 0 . The strategy is roughly the following: g 0 w s i converges to g 0 w 0 . We show that for gauged holomorphic maps close to vortices, there exist small complex gauge transformations that make it a vortex -we can find a sequence ξ i → 0 such that e iξ i g 0 w s i is a vortex. We first prove the result in the case that for all s ∈ S, the curve C s is smooth i.e. it has only one component.
Proposition 7.5. Given a family of quasimaps Q S = (C → S, {z i : S → C} i=1,...,k , P C , u) parametrized by S, where S ⊂ C is a neighborhood of 0. Suppose C 0 is a smooth curve, then for any sequence s ν → 0 as ν → ∞, Ψ(w sν ) Gromov converges to Ψ(w 0 ). (Ψ is as described in remark 7.4.)
Proof. Since C 0 is smooth, we can assume by shrinking S that all C s are smooth (i.e. no nodal singularities). Also, there is a family of diffeomorphisms h s : C s → C 0 that are biholomorphisms in the neighborhoods of marked points z i and h 0 = Id. Under this diffeomorphism, the corresponding Riemann surfaces with cylindrical ends can be written as
. In this proof, we ignore this variation in metric i.e. g s = g 0 , all the ideas carry over easily to the general case. We have a sequence s ν → 0 in S.
Using lemma 7.6, choose a reduction σ : C → P C /K so that the gauged holomorphic maps w s := (A s , u s ) are in standard form close to marked points -i.e. they satisfy conditions (a) and (b) in lemma 7.6. We fix a trivialization P s | Σs so that A s = d + λ i dθ on N (z i ) s for all s. We observe that under this trivialization,
By theorem 7.3, there is a weak complex gauge transformation g 0 , on P 0 that takes w 0 to a finite energy vortex on Σ 0 . Under the trivialization P s | Σs in Step 1, by lemma 7.9 we get
Then, the family of gauged holomorphic maps g 0 w s continues to satisfy (23). To the converging sequence g 0 w sν → g 0 w 0 , apply lemma 7.10. This will give a sequence ξ sν : Σ → k converging to 0 in W 2,p (Σ) such that e iξν g 0 w sν is a vortex on Σ ν . So, the vortices e iξν g 0 w sν converge to
. Also e iξν g 0 w sν , g 0 w 0 are in the gauge orbits Ψ(w sν ), Ψ(w 0 ) respectively. Lemma 7.6 (Standard form around marked points). Given a family of quasimaps Q S such that all the fibers in C → S are smooth (i.e. none of the fibers C s has nodal singularities), there is a reduction σ : C → P C /K and λ 1 , . . . , λ n ∈ k satisfying e 2πλ i = Id, such that (a) for every s ∈ S, there is a trivialization τ of the restriction P s → Σ s so that on the cylindrical end
σ, τ are smooth in every fiber, as we vary s, σ s , τ s vary continuously in the W 2,p loctopology.
Remark 7.7. If Σ is a Riemann surface with cylindrical ends, a gauged holomorphic map (A, u) on Σ is said to be in standard form close to marked points if it satisfies conditions (a) and (b) in the lemma above.
Proof of lemma 7.6. On P C → C, we start out with any choice of reduction. That we can find a family of complex gauge transformations e iξs ∈ G(P s ) satisfying conditions (a) and (b) is the content of Step 1 in the proof of 7.3. The new task is to prove continuity of e iξs as s varies. For this, we first give more details about how ξ s is constructed.
We use the fact that on a surface Ω with boundary, a connection can be complex gauge transformed to a flat connection by e iξ , where ξ ∈ Γ(Ω, P (k)) and ξ| ∂Ω = 0 (see for example theorem 1 in [Don92] ). We apply this result on N (z i ) s to obtain ξ i,s for every s ∈ S. Trivialize P s | N (z i )s so that e iξ i,s A s is the trivial connection. Let g i,s ∈ G be such that Φ(g i,s e iξ i,s u(z i (s))) = 0, g i,s e iξ i,s A s is still the trivial connection on N (z i )| s . By using a cut-off function (that varies smoothly with s) and vanishes away from the cylindrical ends, g i,s ξ i,s , 1 ≤ i ≤ n can be patched together to obtain ξ s .
In order to show that ξ s varies continuously with s, it is enough to show that ξ i,s varies continuously with s for each i. It can easily be seen that the other steps preserve continuity in s. The argument used for this is the prototype of the argument for continuity used in this section. We assume there is only one cylindrical end so that we can drop i from the notation. Pick a sequence s ν → 0 in S. e iξ 0 A 0 is flat on N (z) 0 , denoting A ′ ν := e iξ 0 A sν we see that F A ′ ν L p (N (z(sν ))) → 0. By an implicit function theorem argument for large enough i, we can find ξ i ∈ W 2,p such that
The argument is similar to the one in proof of lemma 7.10 and so is omitted here.
Finally, we show that the condition (a) is satisfied fiberwise. Again, we can assume that there is only one marked point. Pick trivializations of P s over Σ and N (z) s that vary continuously with s and such that A s is trivial on N (z) s . Suppose the transition functions are k s : N (z) s \{z(s)} → K. The loops θ → k s (r + iθ) are in the same homotopy class for all r ≥ 0 and s ∈ S. Pick a geodesic loop [0, 2π] ∋ θ → e λθ that is in this homotopy class -as in the proof of corollary 2.9, so there is a gauge transformation on Σ s that transforms A s | N (z)s to d + λdθ.
Remark 7.8 (Sobolev space of sections on non-compact base space). Suppose P → Σ is a principal K-bundle and E = P × K V is an associated vector bundle. If Σ is compact W k,p (Σ, E)-topology on the space of sections of E can be defined independent of the trivialization of the bundle E → Σ. But this is not so if Σ is non-compact. So one has to specify which trivialization is being used.
If (A, u) is a gauged holomorphic map on Σ that is in standard form, we can have a stronger bound on the complex gauge transformation g that makes (A, u) a vortex on Σ.
Lemma 7.9. Let p > 2. Suppose C is a smooth curve with n marked points and Σ is the corresponding Riemann surface with cylindrical ends. Suppose (A, u) is a smooth gauged holomorphic map on a K-bundle P → C that is in standard form close to marked points, and the weak complex gauge transformation g ∈ G(P ) weak transforms (A, u) to a finite energy vortex on Σ. There are constants c and 0 < γ < 1 such that in the trivialization of P | Σ found in lemma 7.6,
Hence, g ∈ W 2,p (Σ).
Here to take the W 2,p norm of G, we use a trivialization of G in a neighbourhood of Id using the exponential map exp : g → G.
Proof of lemma 7.9. We assume that Σ has only one cylindrical end N (z). (A, u) being in standard form means Φ(u(z)) = 0 and there is a trivialization of the bundle P | Σ so that A| N (z)\{z} = d+λdθ. The transition function between P | Σ and P | N (z) ≃ N (z)×K is θ → e −λθ . We use these trivializations to describe gauge transformations, for example k ∈ K(P ) is given by functions k : Σ → K andk : N (z) → K such that k = e −λθ ke λθ on N (z)\{z}. We're given (A 1 , u 1 ) := g(A, u) is a vortex.
Step 1: There is a trivialization of P | Σ so that A| Σ = d + λdθ and A 1 | Σ = d + λdθ + a where a satisfies the exponential bound (8). By corollary 2.9 we can assume, possibly after modifying g by a unitary gauge transformation, that A 1 | N (z)\{z} = d + λ 1 dθ + a for some λ 1 ∈ k and a satisfies (8). Since A 1 extends to an L p connection over P , we can say λ = λ 1 .
Step 2: For any positive constant γ 1 < γ there exists c > 0, so that on N (z)\{z},
Since g ∈ G(P ) weak ,ĝ ∈ W 1,p (N (z)) ֒→ C 0 . So,ĝ(z) is well-defined and since Φ(u 1 (z)) = 0,ĝ(z) ∈ K. We claim, we can assumeĝ(z) = Id. If not, define a gauge transformation k ∞ ∈ K(P ) ask ∞ : N (z) → K is the constantĝ(z) and k ∞ = e λθ g(z)e −λθ on N (z)\{z}. Using a cut-off function k ∞ is extended to all of Σ so that it is identity away from a neighborhood of N (z). It can be verified that k −1 ∞ A 1 satisfies (8). So, g can be replaced by k −1 ∞ g Given a γ 1 < γ, pick p such that γ 1 < 1 − 2 p < γ. We knowĝ ∈ W 1,p (N (z) ). For any compact domain U ⊂ N (z) containing z, we have the Sobolev embedding (see theorem B.1.11 in [MS04] )
where C 0,γ 1 (U ) is the space of C 0 (U ) functions with finite Hölder norm
The same holds for g(r, θ) = e λθĝ (r, θ)e −λθ on N (z)\{z}.
Step 3: Finishing the proof. A connection A on P defines an operator ∂ A on the G-bundle P C . A complex gauge transformation g acts on ∂ A as:
In our context a := gA − A and
We obtain the required W 2,p bound on g (24) by elliptic bootstrapping -it relies on the similar asymptotic W 1,p bound on a (8) and L p bound on g coming from (25). We apply elliptic regularity to domains of the form ρ −1 ({n ≤ r ≤ n + 1}) so that the constants are same for all n.
Lemma 7.10. Let p > 2. Suppose Σ is a Riemann surface with cylindrical ends and there is a sequence of gauged holomorphic maps w ν = (A ν , u ν ) on Σ that converges to a finite energy vortex w ∞ = (A ∞ , u ∞ ) in the following sense:
The W 1,p norm is taken in a trivialization Σ × K in which A ∞ = d + λ i dθ + a ∞ on the cylindrical ends N (z i )\{z i } and a i satisfies the exponential W 1,p -bound (8).
Then we can find complex gauge transformations e iξ i so that ξ i → 0 in W 2,p (Σ) and e iξ i w i is a vortex.
Proof. For a gauged holomorphic map w, let
It linearization at ξ = 0 is
for k = 0, 1. And since A ∞ − A ν W 1,p (Σ) is bounded, the same is true for the operators d Aν also. Writing
is also a bounded operator for k = 0, 1 and for all ν including ν = ∞.
The image of each u ν is comapct, so sup x∈Im(uν ) |L x | is bounded. So, the operator u * ν dΦ(Jξ X ) : W 2,p → L p is bounded because it is multiplication by a C 0 bounded function. Therefore, for all i,
is a bounded operator.
Step 1: For all ν, including ν = ∞, DF wν : W 2,p → L p is invertible and the norm of the inverses are uniformly bounded i.e. DF −1
wν ≤ c for all ν.
The right hand side is positive if ξ = 0.
We now focus on the case that w = w ∞ is a vortex on Σ. As earlier, we assume
. Next, we observe that for x ∈ X, if the infinitesimal action of k is free, the map L x : k → k is positive because L x ξ, ξ = ω x (s x , Js x ). Since K acts freely on Φ −1 (0), for a small ǫ > 0, there is a constant c such that
is a section of the bundle P (End(k)) → C. The bundle P (k) → C is trivial. So, one can define a section L ∈ W 2,p (Σ, P (End(k))) that is same as L u on {|Φ•u| 2 < ǫ} ⊂ Σ and Im(L) ⊂ P (Aut(k)). Now, there is a constant c (possibly different from the one in (27)) so that for any x ∈ Σ and ξ ∈ P (k) x ≃ k,
The operator Id +d
is a compact operator, since it is multiplication by a compactly supported section. Adding L − L u preserves the Fredholm index of the operator, so DF w∞ (0) = d * A∞ d A∞ + L u has Fredholm index 0, it is invertible because it is 1-1.
Next, we consider w ν in the sequence.
This means DF w∞ (0) − DF wν ≤ 1 2 (DF w∞ ) −1 −1 for large enough ν. For such ν, DF wν (0) is invertible and DF wν (0) ≤ 2 DF w∞ (0) .
Step 2: There is a δ > 0 such that for all DF ν (ξ) − DF ν (0) ≤ 1 2C for ξ W 2,p (Σ,k) < δ and large enough ν. This follows from inequalities as in (28) and the fact that there exists constants c,
Step 3: Completing the proof By the implicit function theorem -proposition A.2, if F w i L P < δ 4C , then there exists ξ ν such that e iξν w ν is a vortex and ξ W 2,p ≤ C F w i L P . Since F w i → 0 in L p , the lemma is proved.
7.4. Continuity: Nodal degeneration. In this section we finish the proof of continuity of the map Ψ : Qmap g,n (X/ /G) and M V K g,n (X). In particular, we prove: Proposition 7.11. Given a family of quasimaps Q S = (C → S, {z i : S → C} i=1,...,k , P C , u) parametrized by S, where S ⊂ C is a neighborhood of 0. We assume that C 0 is a curve with a single node w and C s are smooth curves obtained from C 0 by the gluing procedure. Then for any sequence s ν → 0 as ν → ∞, Ψ(w sν ) Gromov converges to Ψ(w 0 ). (Ψ is as described in remark 7.4.)
We justify why this indeed proves continuity of Ψ. Firstly note that it is enough to consider a family C → S where C s is smooth for all s = 0. This is because if C s is nodal for s = 0, we can assume that the combinatorial type Γ(C s )is constant over S\{0} and then we can work with the normalization of C s and show continuity component-wise. In the proposition we further assume that C 0 has a single node and the family C → S is obtained by applying the gluing procedure on C 0 . We recall the description of C → S and the family of Riemann surfaces Σ S with the neck-stretching metric. LetC 0 be the normalization of C 0 with marked points w + and w − corresponding to the node. Let Σ 0 be the Riemann surface with cylindrical ends corresponding to C 0 . For s ∈ S\{0}, let l s = L s + it s := − ln s. The Riemann surfaces Σ s are obtained by gluing:
To prove continuity of Ψ, it is enough to consider the family C → S of the above form because (a) if C 0 has more than one node, the ideas in the proof can be applied at every node. (b) In the Σ s described above, lets denote the metric by g s . We know g s | Ω = g 0 | Ω .
Given C has one node, for the most general setting one must consider (Σ s , g ′ s ) such that g ′ s → g ∞ in C ∞ (Ω) and g s = g ′ s on N s . Our proofs easily carry over to this case with variation in metric.
Notation 7.12. We need some notation for proof of proposition 7.11. They'll be related as:
2. (Identification of bundles P s ) To talk about convergence of gauged holomorphic maps, the bundles P s have to be identified to each other. We have an inclusioñ Σ s ⊂ Σ 0 (see (30)) and a quotient map π s :Σ s → Σ s . AssumeΣ 0 = Σ 0 , so that Σ → S is a smooth family. We can pick a smooth family of bundle isomorphisms h s : π * s P s → P 0 |Σ s with h 0 = Id. The choice of h is unique up to homotopy, so we fix an h and talk as if the bundle P s is defined on a part of Σ 0 .
Remark 7.13 (Model for C → S near the node w). A neighborhood of w (the nodal point in C 0 ) in C can be mapped to a neighborhood of the origin in C 2 such that w is mapped to the origin. This is done in a way that C s is mapped to {xy = s} for all s ∈ S (see section 3, chapter 11 in [ACG11] ). We spell out this map explicitly to make it clear how it fits in with the cylindrical ends construction. For smooth curves, i.e. for s = 0,
For s = 0, Φ :
Lemma 7.14. Given a family of quasimaps
where C → S satisfies the assumptions mentioned above, there is a reduction σ : S → P C /K and a trivialization of the restriction P 0 → Σ 0 such that (a) (A s , u s ) is in standard form about marked points (as in remark 7.7).
(b) on the cylindrical ends N (w ± )\{w ± },
(b), (c) and (e) imply F ws L p (Σs) → 0 as s → 0.
Proof.
Step 1: There is a reduction σ : C → P C /K such that (a) F As = 0 in neighborhoods of marked points z i , Φ(u s (z i )) = 0 and (b) there is a trivialization τ 1 of P → C in a neighborhood of w in which the quantities
We'll prove the statement for the positive ends N (w + ), that for the negative end will follow analogously. We focus on a neighborhood of w in C and work with the local model. So, we denote Φ * (A s , u s ) =: (Â s ,û s ). Pick a reduction σ : C → P C /K such that u(w) ∈ Φ −1 (0) and in a neighborhood of (0, 0), FÂ 0 | x=0 , FÂ 0 | y=0 = 0. We deduce the convergence properties of A s , u s working in the local model -these will continue to hold on Σ because for a 1-form a, the norms a L p and a L p decrease when there is a conformal change of coordinates that increases the volume, and for u the L ∞ norm is unchanged by change of coordinates. By choosing a reduction σ, we get a smooth connection A on the bundle P on B 1 ⊆ C 2 , A s is the restriction of A to {xy = s}. Pick a trivialization τ 1 of the bundle P on B 1 ⊂ C 2 so thatÂ 0 | x=0 ,Â 0 | y=0 are the trivial connections. We can assume |A|, |∇A|, |∇ 2 A|, |∇u| < c 1 . In order to compareÂ s andÂ 0 , recall points in {xy = s} are identified to those in {x = 0} as (x, y) → (0, y).Â s is pulled back to a connection on {x = 0} and this is also calledÂ s . Then,
Next, note that u(B 1 ) is compact in X, so |dΦ| is bounded by a constant c 2 in this set. Then,
The above discussion only fixes the reduction σ in a neighborhood of w. Around marked points, using lemma 7.6, σ can be chosen so that the first condition is satisfied. These can be patched together without any problems because the fibers of the bundle P C /K → C are contractible.
Step 2: There is a trivialization τ 2 of the bundles π * s P s →Σ s that varies smoothly with s so that (a)-(d) are satisfied. Because of the first condition in Step 1, we can produce a trivialization τ 2 of the bundles π * s P s →Σ s so that (a) is satisfied. Suppose τ 1 and τ 2 are related by the gauge transformation k : ∪ s∈S\{0} N s ∪ N w ± → K. We focus on the + side i.e. π −1 s,+ (N s ) and N w + . For all s ∈ S and any R ≥ 0 let γ s,R denote the loop π −1 s,+ • (ρ + s ) −1 {r = R, 0 ≤ θ ≤ 2π}. The homotopy class of k| γ s,R is constant for all s ∈ S and R ≥ 0. Suppose this class contains the geodesic loop θ → e λ + θ for some λ + ∈ k. Then, as in the proof of corollary 2.9, τ 2 can be altered so that k| γ s,R = e λ + θ . Then, we see that the convergence in (31) holds in the trivialization τ 2 also. Because of smooth variation of τ 2 , it is easy (use the fact that τ 2 satisfies (a)) to see that A s | Ω , u s | Ω and Φ(u s )| Ω converge in the respective Sobolev spaces, so (a) and (b) hold in this trivialization. λ − can be chosen so that e λ + θ and e λ − θ commute. Then, under the trivialization τ 2 , g s = e (λ + −λ − )(θ+ts) .
Step 3: Finishing the proof. Using theorem 7.3, there is a complex gauge transformation e iξ 0 on P 0 → Σ 0 that makes (A 0 , u 0 ) a vortex. By lemma 7.9, ξ 0 decays exponentially in the sense of (24) at cylindrical ends corresponding to z 1 , . . . , z n and w ± . ξ s ∈ Γ(Σ s , P s (k)) is defined as follows: letξ s = φ s ξ 0 :Σ s → k Lemma 7.15. Let p > 2. Let Σ ν , Σ be Riemann surfaces with cylindrical ends as in notation 7.12 above. Given a sequence of gauged holomorphic maps w ν = (A ν , u ν ) on the bundles P ν → Σ ν that converges to a finite energy vortex w ∞ = (A ∞ , u ∞ ) on Σ in the following sense:
as ν → ∞. Then we can find complex gauge transformations e iξν on the bundle P ν → Σ ν so that ξ ν W 2,p (Σν ,Pν (k)) → 0 and e iξν w ν is a vortex on Σ ν .
Proof. The proof is similar to the proof of lemma 7.10. The proof of invertibility of DF wν (0) and a uniform bound on the inverse is more complicated and is carried out in steps 1A and 1B.
Step 1A: An approximate inverseQ ν for DF ν (0) −1 satisfying Q ν ≤ C. By the arguments in the proof of lemma 7.10, the operator
is invertible. The inverse Q ∞ := DF w ± ∞ (0) −1 is used to construct an approximate inverseQ ν for DF wν (0) :
Given η ∈ L p (Σ ν , P ν (k)), we first produce η ∞ ∈ L p (Σ, k). For this take the lift η := π * ν η ∈ L p (Σ ν , k), and extend it by 0 to get η ∞ : Σ → k.Q ν η is constructed from ζ ∞ := Q ∞ η ∞ as follows.
Letζ ∈ W 2,p (Σ ν , k) := φ ν ζ ∞ |Σ Next we show a bound on Q ν independent of ν. It is easy to see that the first 3 steps -η →η,η → ζ ∞ and ζ ∞ →ζ have norm bounds independent of ν. For the last stepζ → ζ : W 2,p (Σ, k) → W 2,p (Σ ν , P ν (k)), we need to bound π * ν ζ W 2,p (Ω ′ ν ,k) in terms ofζ. Now,
on Ω ν , ζ + g ν (r * ζ ) on ∆ + ν , ζ + g −1 ν ((r −1 ) * ζ ) on ∆ − ν . Since we have uniform C 2 bounds on g ν , the last stepζ → ζ also has a uniform bound.
Step 1B: DF ν (0)Q ν − Id ≤ 1 2 . for large enough ν. For any η ∈ L p (Σ ν , P ν (k),
To bound T 1, on Ω ν , we can write η = DF ∞Qν η. Then,
where c ν → 0 as ν → ∞. This uses (28) and the convergence (32). T 2 and T 3 are bounded in a similar way to each other. We show the case of T 2.
T 2A is bounded in a similar way to T 1 and gives T 2A ≤ c ν Q ν η L p (Σν ) , where lim ν→∞ c ν = 0. To work on T 2B, we observe that on ∆ + ν , η = DF ∞ (0)ζ ∞ and so,
Recall A ∞ = d + λ + dθ + a + , where λ + ∈ k and a + W 1,p (N (w + )) < ∞. Then, ∆ A∞ φ ν ζ ∞ − φ ν ∆ A∞ ζ ∞ = (∆φ ν )ζ ∞ + 2(∇φ ν ) · (∇ζ ∞ ) + * [(λ
The bounds on a + , λ + are independent of η, ν. So,
. where the L p norms of ∇φ and ∆φ are taken on [−∆/2, ∆/2] × S 1 . These norms can be made smaller by enlarging ∆ and stretching out φ. We fix ∆ such that Putting things together in the above discussion, we get
where the constants c ν are such that lim ν→∞ c ν = 0. So, by taking ν large enough,
Step 1B is proved.
Step 1B shows that DF ν (0)Q ν −Id is invertible, so DF ν (0) −1 =Q ν (DF ν (0)Q ν ) −1 and hence DF ν (0) −1 ≤ 2 Q ν . The rest of the proof -steps 2 and 3 -are identical as the proof of lemma 7.10.
Proof of proposition 7.11. The proof follows by applying lemma 7.14 followed by lemma 7.15 to the family Q S .
Appendix A. Some analytic results
The first two results are standard. Lemma A.3 (Norm bound for G C action on A). Let Ω be a Riemann surface (possibly non-compact). Let A 0 be a connection on the bundle Ω × K for which the operator d A 0 : W 2,p → W 1,p is bounded. For any ǫ > 0 and a connection A satisfying A − A 0 W 1,p < ǫ and ξ ∈ W 2,p (Ω, k) satisfying ξ W 2,p < 1, (exp iξ)A − A ∈ W 1,p and there is a constant C so that The constant c 1 above depends only on the constants occurring in Sobolev multiplication on the given domain. On Euclidean domains, Sobolev multiplication constants are independent of the domain. Since Ω can be constructed by using a finite number of Euclidean charts, the constants can be picked uniformly for all Ω i .
